A TOPOLOGICAL SPLITTING THEOREM 
FOR WEIGHTED ALEXANDROV SPACES 
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Abstract. Under an infinitesimal version of the Bishop-Gromov 
relative volume comparison condition for a weighted Hausdorff 
measure on an Alexandrov space, we prove a topological splitting 
theorem of Cheeger-Gromoll type. As a corollary, we prove an 
isometric splitting theorem for Riemannian manifolds with singu- 
larities of nonnegative (Bakry-Emery) Ricci curvature. 



A main purpose of this paper is to prove a splitting theorem of 
Cheeger-Gromoll type for singular spaces. Since it is impossible to de- 
fine the Ricci curvature tensor on Alexandrov spaces, we consider an 
infinitesimal version of the Bishop-Gromov volume comparison condi- 
tion as a candidate of the conditions of the Ricci curvature bounded 
below. Under the volume comparison condition for a weighted Haus- 
dorff measure on an Alexandrov space, we prove a topological splitting 
theorem. As a corollary, we prove an isometric splitting theorem for an 
Alexandrov space whose regular part is a smooth Riemannian manifold 
of nonnegative (Bakry-Emery) Ricci curvature. 

Let us present the volume comparison condition. For a real number 
k, we set 



The function s K is the solution of the Jacobi equation s'{.(r)+Ks K (r) = 
with initial condition s K (0) = 0, s' K (0) = 1. 

Let M be an Alexandrov space of curvature bounded from below 
locally and set r p (x) := d(p,x) for p, x G M, where d is the distance 
function. For p G M and < t < 1, we define a subset W p<t C 
M and a map $ P)t : W p>t — > M as follows. We first set $ Pl t(p) := 
P £ W Pj t- A point x p) belongs to W p j if and only if there exists 

Date: March 30, 2009. 

2000 Mathematics Subject Classification. Primary 53C20, 53C21, 53C23. 

Key words and phrases, splitting theorem, Ricci curvature, Bishop-Gromov 



The authors are partially supported by a Grant-in- Aid for Scientific Research 
No. 19540220 and 20540058 from the Japan Society for the Promotion of Science. 



1. Introduction 




inequality. 



y G M such that x G py and r p (x) : r p (y) — t : 1, where is a 
minimal geodesic from p to y. Since a geodesic does not branch on an 
Alexandrov space, for a given point x G W P)t such a point y is unique 
and we set & Ptt (x) := y. The triangle comparison condition implies the 
local Lipschitz continuity of the map $ Pj i : W p j —> M. We call <& Pt t the 
radial expansion map. 

Let n be a positive Radon measure with full support in M, N > 1 
a real number, and Q C M a subset. The following is an infinites- 
imal version of the Bishop-Gromov volume comparison condition for 
fi corresponding to the condition of the lower Ricci curvature bound 
Ric > (N — 1)k with dimension N. 

Infinitesimal Bishop-Gromov Condition BG(k, N) for /i on 
Q: For any p G M, t G ( 0, 1 ], and any measurable function / : M — > 
[0, +oo ) with the property (*) below, we have 

/ / o <S> pM d^y) > [ fW M*)- 

Jm Jm s K\ r p\ x )) 

(*) / has compact support in Q \ {p} and if k > 0, then its support 
is contained in the open metric ball B(x,7r/y/7z) centered at x 
of radius tt / ^J~k. 

We say that fi satisfies BG(«, N) if it satisfies BG(k, N) on Q = M. 

For an n-dimensional complete Riemannian manifold, the Riemann- 
ian volume measure satisfies BG(/t, n) if and only if the Ricci curvature 
satisfies Ric > (n — 1)k (see Theorem 3.2 of [22] for the 'only if part). 
We see some studies on similar (or same) conditions to BG(k, N) in 
IS Ell [III LTSl HH [321 [221 [39! etc - BG ( K , N ) is sometimes called the Mea- 
sure Contraction Property and is weaker than the curvature-dimension 
(or lower iV-Ricci curvature) condition, CD((iV — 1)k, N), introduced 
by Sturm [351 ES] and Lott-Villani [T5] in terms of mass transporta- 
tion. For a measure on an Alexandrov space, BG(k, N) is equivalent to 
the (k/(N — 1), iV)-measure contraction property introduced by Ohta 
[22] . For an n-dimensional Alexandrov space of curvature > k, the n- 
dimensional Hausdorff measure 7i n on M satisfies BG(k, n) (see |13j ) . 
Note that we do not necessarily assume M to be of curvature uniformly 
bounded below. We assume the Alexandrov curvature condition just 
for the local regularity of the space. If an Alexandrov space M has a 
measure fi satisfying BG(/c, N), then the dimension of M is less than 
or equal to N (Corollary 2.7 of [22]) ■ 

One of our main theorems is stated as follows. 

Theorem 1.1 (Topological Splitting Theorem). Let M be an Alexan- 
drov space of curvature bounded from below locally and V : M — ► K 
a continuous function. Assume that for any compact subset Q C M 
there exists a real number Nq > 1 such that the measure dfi(x) := 
e~ v ( x ^ dH. n (x) satisfies BG(0, Nq) on £1. If, in addition, M contains a 
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straight line, then M is homeomorphic to X x R for some metric space 
X. 

The condition for /i in the theorem is strictly weaker than BG(0, N) 
for u on M for some N > 1 and is for Corollary 11.41 below. Note 
that BG(0, Nfi) in this theorem can be replaced with the curvature 
dimension condition. 

This theorem is new even if M is a complete Riemannian manifold, 
since the weight function e~ v is only continuous. We do not know 
if the isometric splitting in the theorem is true, i.e., if M is isomet- 
ric to I x R for some Alexandrov space X even in the case where 
V is constant. If we replace l BG(0,i\fo)' with 'curvature > 0', then 
the isometric splitting was proved by Milka [21], Grove- Petersen [10] . 
and Yamaguchi |41j, as a generalization of the well-known Toponogov 
splitting theorem. For n-dimensional Riemannian manifolds with Rie- 
mannian volume measure, BG(0, n) is equivalent to Ric > and the 
isometric splitting under Ric > was proved by Cheeger-Gromoll [BJ. 
In our case, we do not have the Weitzenbock formula, so that we cannot 
obtain the isometric splitting at present. 

A rough idea of our proof came from that of Cheeger-Gromoll [BJ. 
One of essential points in our proof is to prove a generalized version 
of the Laplacian comparison theorem (Proposition 13. ip . where our dis- 
cussion is much different from the Riemannian case. 

If the metric of M has enough smooth part, we prove the isometric 
splitting. For we consider the following. 

Definition 1.2. M is called a singular Riemannian space if the fol- 
lowing (l)-(3) are satisfied. 

(1) M is an Alexandrov space of curvature bounded below locally. 

(2) The set Sm of singular points is a closed set in M. 

(3) The set M \ Sm of non-singular points is an (incomplete) C 2 
Riemannian manifold. 

Note that any complete Riemannian orbifold is a singular Riemann- 
ian space. 

Corollary 1.3. Let M be an n-dimensional singular Riemannian space. 
If the Ricci curvature satisfies Ric > on M\ Sm, then M is isomet- 
ric to X xM. k , where X is a singular Riemannian space containing no 
straight line and k := n — dimX. 

If M is a complete Riemannian orbifold, then Corollary 11.31 was 
proved by Borzellino-Zhu [2]. 

We next consider the Bakry-Emery Ricci curvature. Let n be an 
integral number with n > 1, and N a real number with N > n, or 
N = +oo. On an n-dimensional C 2 Riemannian manifold with a mea- 
sure dfx(x) = e~ v ^ d vol(x), where V is a C 2 function and vol the 
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Riemannian volume measure, the N -dimensional Bakry- Emery Ricci 
curvature tensor Ric^ is defined by 



Corollary 1.4. Let M be an n- dimensional singular Riemannian space, 
N a number with n < N < +00, and V : M — > R a continuous func- 
tion which is of C 2 on M \ Sm- We assume that sup M V < +00 if 
N = +00. If the Bakry-Emery Ricci curvature satisfies Ricjv iM > on 
M \ Sm for dfi(x) := e~ v ^ dvol(x), then M is isometric to X x W k 
and V is constant on {x} x IR fc for each x G X, where X is a singular 
Riemannian space containing no straight line and k := n — dimX. 

Corollary 11.41 is an extension of the results of Lichnerowicz [T7] (see 
also [ID] and [H]) for complete Riemannian manifolds. In the case where 
N = +00, the assumption sup M V < +00 is necessary as was pointed 
out by Lott [18] (see also [30]). 

Remark 1.5. (1) All the results in this paper are true even in the 
case where M has non-empty boundary. We implicitly assume 
the Neumann boundary condition on the boundary of M when 
we consider the Laplacian on M. In particular, the results hold 
for any convex subset of M. 

(2) We can apply Corollaries 11.31 and 11.41 to get some results for 
the fundamental group of a singular Riemannian space of non- 
negative (Bakry-Emery) Ricci curvature (cf. [0J). However, we 
do not know if we can obtain the same results for an Alexan- 
drov space satisfying the infinitesimal Bishop-Gromov condi- 
tion. One of the problems is that we cannot prove that a cov- 
ering space inherits the infinitesimal Bishop-Gromov condition. 
Another problem is that the splitting is only homeomorphic. If 
the space splits asIxK homeomorphically, then we do not 
know if X is an Alexandrov space or not, and we cannot apply 
our splitting theorem to X. This is not enough to investigate 
the fundamental group. 

(3) In our previous paper [TO], we proved a Laplacian comparison 
theorem and a splitting theorem weaker than those in this pa- 
per. The proof in this paper is much easier than that in [TO] . 
We decided [JO] to be unpublished to any journals. 



A geodesic space is defined to be a metric space in which any two 
points x and y can be joined by a length-minimizing curve whose length 
is equal to the distance between x and y. Let M be a proper geodesic 
space, where 1 proper' means that any bounded subset of M is relatively 
compact. We call a locally (resp. globally) length-minimizing curve in 




2. Preliminaries 



4 



M a geodesic (resp. a minimal geodesic). Denote by M 2 (re) a complete 
simply connected 2-dimensional space form of constant curvature re. 
For three different points x,y, z G M and a real number re, we denote 
by Z K xyz the angle between a minimal geodesic from y to x and a 
minimal geodesic from y to z for three points x,y,z& M 2 (re) such that 
d(x,y) = d(x,y), d(y,z) = d(y,z), and d(z,x) = d(z,x), where d is 
the distance function. Z K xyz is uniquely determined only if either the 
following (1) or (2) is satisfied. 

(1) re < 0. 

(2) re > and y) + d(y, z) + d(,z, x) < tt/^/k. 

A proper geodesic space M is said to be an Alexandrov space (of cur- 
vature bounded below locally) if for any point x G M there exists a 
neighborhood U of x and a real number re such that for any different 
four points p,qi,qz,q3 G U we have 

(T) Z K qipqj, i,j = 1, 2, 3, are all defined and satisfy 

^ K qivq% + A<?2p?3 + ^ K <?3P<?i < 2vr. 

For a given point x G M, we denote by k{x) the supremum of such 
re's. Then, re(x) is upper semi-continuous in x G M, so that re is 
bounded from below on any compact subset of an Alexandrov space. 
The globalization theorem states that for any compact subset Q of an 
Alexandrov space M, there exists a compact set Q' D Q such that (T) 
holds for any different p, ?i, ?2, ?3 G and for any real number k with 
re < inf x6 n' re (x) , provided that M is not a 1-dimensional Riemannian 
manifold. For a constant re, we say that M is of curvature > re if (T) 
holds for any different four points p, qi, qi, q% G M. In the case where M 
is not a 1-dimensional Riemannian manifold, the globalization theorem 
implies that M is of curvature > re if and only if re > re on M. For a 
1-dimensional complete Riemannian manifold M and for re > 0, M is 
of curvature > re if and only if the diameter of M is < vt/a/k, i.e., M 
is isometric to either a segment of length < tt/ a/k, or a circle of length 
< 2-k/s/k. 

In this paper, we always assume that all Alexandrov spaces have 
finite Hausdorff dimension. Refer to [HI [2H 12] for the basics for the 
geometry and analysis on Alexandrov spaces, such as, the space of 
directions, the tangent cone, etc. 

Let M be an Alexandrov space of Hausdorff dimension n < +oo. 
Then, n coincides with the covering dimension of M, which is a non- 
negative integer. Take any point p G M and fix it. Denote by S P M 
the space of directions at p, and by K P M the tangent cone at p. H P M 
is an (n — l)-dimensional compact Alexandrov space of curvature > 1 
and K p M an n-dimensional Alexandrov space of curvature > 0. 

Definition 2.1 (Singular Point, 5-Singular Point). A point p G M 
is called a singular point of M if E p M is not isometric to the unit 
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sphere S"™ -1 . For 5 > 0, we say that a point p G M is 5-singular if 
7^™ _1 (EpM) < vo^S 1 ™ -1 ) — <5. Let us denote the set of singular points 
of M by Sm and the set of 5-singular points of M by S$. 

Note that a point p 6 Mis non-singular if and only if the tangent 
cone K P M is isometric to 1R™. We have Sm = U<5>o Since the map 
M 3 p i— > Ti, n (T, p M) is lower semi-continuous, the set S5 of 5-singular 
points in M is a closed set. The following lemma is sometimes useful. 

Lemma 2.2 (|30j). Let ^ be a minimal geodesic joining two points 
p and q in M. Then, the space of directions, Y> X M , at all interior 
points 0/7, i e 7 \ {p, q}, are isometric to each other. In particular, 
any minimal geodesic joining two non-singular (resp. non-5 -singular) 
points is contained in the set of non-singular (resp. non-5 -singular) 
points (for any 5 > 0). 

Definition 2.3 (Boundary). The boundary of an Alexandrov space 
M is defined inductively. If M is one-dimensional, then M is a com- 
plete Riemannian manifold and the boundary of M is defined as usual. 
Assume that M has dimension > 2. A point p e M is said to be a 
boundary point of M if S p M has non-empty boundary. 

Any boundary point of M is a singular point. More strongly, the 
boundary of M is contained in S$ for a sufficiently small 5 > 0, which 
follows from the Morse theory in [231 |2"T] . 

The doubling theorem (§5 of [25J; 13.2 of [3J) states that if M has 
non-empty boundary, then the double of M (i.e., the gluing of two 
copies of M along their boundaries) is an Alexandrov space without 
boundary and each copy of M is convex in the double. 

Denote by Sm (resp. Sg) the set of singular (resp. 5-singular) points 
of dbl(M) contained in M, where M is identified with a copy in dbl(M). 
We agree that Sm = Sm and Sg = S$ provided M has no boundary. 

The following shows the existence of differentiable and Riemannian 
structure on M. 

Theorem 2.4. For an n-dimensional Alexandrov space M, we have 
the following: 

(1) There exists a number 5 n > depending only on n such that 
M* := M \ Ss„ is a manifold (with boundary DM*) (P [22, 
[27] ) and has a natural C°° differentiable structure (even on the 
boundary dM*) ([12]). 

(2) The Hausdorff dimension of Sm is < n — 1 (0,[2l]), and that 
of S M is < n - 2 ([3J). We have S M = S M U dM* . 

(3) We have a unique continuous Riemannian metric g on M \ 
Sm C M* such that the distance function induced from g coin- 
cides with the original one of M Q24J). The tangent space at 
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each point in M \ Sm is isometrically identified with the tan- 
gent cone (|24j). The volume measure on M* induced from g 
coincides with the n-dimensional Hausdorff measure 7i n (|24|). 

Remark 2.5. In [12] we construct a C°° structure only on M\B(S$ n , e). 
However this is independent of e and extends to M*. The C°° structure 
is a refinement of the structures of [24, 23, 26J and is compatible with 
the DC structure of [2"o] . 

Note that the metric g is defined only on M* \ Sm and does not 
continuously extend to any other point of M. In general, the set of 
non-singular points, M* \ Sm, is not a manifold. There is an example 
of an Alexandrov space M such that Sm is dense in M (see [2~4"]). 

Definition 2.6 (Cut-locus). Let p G M be a point. We say that a 
point x G M is a cut j?oin£ o/p if no minimal geodesic from p contains 
x as an interior point. Here we agree that p is a cut point of p. The 
set of cut points of p is called the cut-locus of p and denoted by Cut p . 

Note that Cut p is not necessarily a closed set. For the W Ptt defined 
in §H it follows that IJo<i<i = \ Cut p . The cut-locus Cut p is a 
Borel subset and satisfies 7Y n (Cut p ) = (Proposition 3.1 of [24]). 

By Lemma 4.1 of [24J, the function r p = •) is differentiable on 
M\(SM^Cnt p ). At any differentiable point x of r p , — Vr p (x) is tangent 
to a unique minimal geodesic from p to x, where Vr p (x) denotes the 
gradient vector of r p at x. This implies that the gradient vector field 
Vr p is continuous at all differentiable points of r p . 

Definition 2.7 (/i-Subharmonicity) . Let \x be a measure on M. A 
locally W 1,2 function u : M — > M is said to be [i-subharmonic if 

/ (Vu,Vf) dfi<0 

for any nonnegative C°° function / : M* — > M with compact support 
in M*. 

Combining Theorems 3.1, 4.2 of [12] and the maximum principle due 
to the first named author (Theorem 1.3 of [U]), we have 

Theorem 2.8 (Maximum Principle). Let V : M — > R be a continuous 
function and let dfi(x) := e~ v ^ d7i n {x) on M . If a continuous p,- 
subharmonic function u : M — > R attains its maximum in M , then u 
is constant on M . 

Remark 2.9. Since the Riemannian metric has only low regularity, the 
usual maximum principle cannot be applied to obtain Theorem 12.81 

3. Laplacian Comparison Theorem 

The purpose of this section is to prove the following proposition. We 
set cot K (r) := s' K (r)/s K (r) for the function s K defined in ^TJ 
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Proposition 3.1 (Laplacian Comparison Theorem). Let M be an 

Alexandrov space, V : M — > R a continuous function, and Q C M a 
subset. If the measure dfx(x) := e~ v ^ dH n (x) on M satisfies BG(k, Nq) 
on Q for two real numbers > 1 and k, then we have 



for any point p G M and for any nonnegative Lipschitz function f : 
M — > R whose support is compact and contained in Q\ {p}. 

We define 



where A is the nonnegative Laplacian and VV is the gradient vector 
field of V, considered to be a directional derivative. Note that (13.11) is 
a weak form of the formal inequality 



on Q\ {p}, and that — (iV^ — 1) cot K or p is the Laplacian of the distance 
function on an Nq- dimensional complete simply connected space form 
of constant curvature k provided that Nq is an integral number with 



Since for an n-dimensional Alexandrov space of curvature > k the 
n-dimensional Hausdorff measure 7i n satisfies BG(K,n) (see [13J), the 
above Laplacian Comparison Theorem (Proposition 13. ip leads us to the 
following. 

Corollary 3.2. If M is an n-dimensional Alexandrov space of curva- 
ture > k, then for any p G M we have Ar p > —(n — 1) cot K or p on 
M \ {p} in the weak sense. 

Since the Riemannian metric on an Alexandrov space is not continu- 
ous on any singular point, a standard proof of the Laplacian comparison 
theorem for Riemannian manifolds does not work. Renesse [3H] proved 
Corollary 13.21 under some additional condition. In the case of fi — 7i n 
with BG(k, n), another different proof using a version of Green formula 
can be seen in our previous paper [T6] . 

We can in fact prove that Proposition 13.11 for any positive Radon 
measure pnM with full support satisfying BG(k, iV^) on Q by using 
some results by Cheeger [1] and Ranjbar-Motlagh [32]. However, such 
a stronger statement is not needed in this paper and we only give a 
proof of the version stated in Proposition 13.11 

Proof of Proposition \3.1[ Let / : M — » R be any nonnegative Lipschitz 
continuous function whose support is compact and contained in 
By the Rademacher theorem, / and r are differentiable 7i n -a.e. It 
follows from tr p (§ Ptt (x)) = r p (x) that 



(3.1) 




A„ := A + VV 



e^div(e- v V-), 



A M r p > -(Na - 1) cot K or p 



Nn>2. 




t=i 



r p {x)Vr p (x) 
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for 7^ n -almost all x G M. Therefore, 



/ (r p Vr p , V/) dfi = - / (-^ Pjt (z) , V/) 
Jm Jm ai t=1 



dp(x) 



-JJt fo%tix) 

1 o %,\ 



lim 

t-»i-o 



t=i 

x x 



M 



and by BG(k, Afo), 



> liminf 

t->i-o 



i — f, 



/(*) 



dji{x) 



M 



> 



lim inf 

t->i-o 



A/ 



d 
dt 



M (l-t)s K (r p (x)/t)^ 

(l-t)s K (r p (x)/t) N n-i 
(r p (x)/t) N ^\ f(x) 



Ml"* 

/(a;) 



dfi(x) 



t=i s K {r p (x)) N ° 



— dn(x) 



{-1 - (JV n - l)r p (x) cot K (r p (x))} /(x) 

By V(r p /) = fVr p + r p Vf, we see that (r p Vr p , V/) = (Vr p , V(r„/)) - 

/ /x-a.e. and therefore, 

(3.2) 

/ (Vr p ,V(r p /)) dp> [ {-(N n -l)cot K (r p (x))}r p (x)f(x) dp{x). 
Jm Jm 

We now give any nonnegative Lipschitz continuous function / : M — > R 
such that the support of / is compact and does not contain p. Set 
/(#) := f(x)/r p (x) for x 7^ p and /(p) := 0. Then, / : M — > R is a 
Lipschitz continuous function and its support is compact and does not 
contain p. (13.21) implies (13.11) for /. This completes the proof. □ 

In our paper [12] , we proved for an Alexandrov space M the existence 
of the heat kernel of M and the discreteness of the spectrum of the 
Laplacian (the generator of the Dirichlet energy form) on a relatively 
compact domain in M. As applications to Proposition 13. 1\ we have 
the following heat kernel and first eigenvalue comparison results, which 
generalize the results of Cheeger-Yau [7] and Cheng [8]. 

B(p,r) denotes the metric ball centered at p and of radius r and 
M n (n) an n-dimensional complete simply connected space form of cur- 
vature K. 

Corollary 3.3. Let M be an n- dimensional Alexandrov space and as- 
sume that (M,TC n ) satisfies BG(k, n). Let Q C M be an open subset 
containing B(p,r) for a number r > 0. Denote by h t : Q x Q — > R, 
t > 0, the heat kernel on Q with Dirichlet boundary condition, and by 

9 



h t : B(p,r) x B(p,r) — > R i/iai on B(p,r) for a point p G M n («). 
Then, for any t > and g G -B(p, r) we /lave 

fr*(p,g) > ^*(p,g), 

where q G M"(k) zs a pomi stzc/i t/iat cf(p, g) = d(p, g). 

Corollary 3.4. Let M be an n- dimensional Alexandrov space and r > 
a real number. Assume that (M,7i n ) satisfies BG(/c, n). Denote by 
\i(B(p,r)) the first eigenvalue of Laplacian on B(p,r) with Dirichlet 
boundary condition, and by \i(B(p, r)) that on B(p, r) for a point p G 
M n (K). Then we have 

Xx(B(p,r)) <Xi(B(p,r)). 

Once we have Proposition 13.11 the proofs of Corollaries 13.31 and 13.41 
are the same as of Theorem II and Corollary 1 of Renesse's paper 
[3"8] . We verify that the local (L 1 , l)-volume regularity is not needed 
in the proof of Theorem II of [38]. We also obtain a Brownian motion 
comparison theorem in the same way as in [38] . 

4. Splitting Theorem 

We prove the Topological Splitting Theorem, 11.11 following the idea 
of Cheeger-Gromoll fi]j. However, we still need some extra lemmas to 
fit the discussions of [H] to Alexandrov spaces. 

Let M be a non-compact Alexandrov space and 7 a ray in M, i.e., 
a geodesic defined on [0, +00 ) such that d(j(s), 7(i)) = \s — t\ for any 
s,t>0. 

Definition 4.1 (Busemann Function). The Busemann function 6 7 : 
M — > R for 7 is defined by 

bJx) := lim U - d(x, j(t))}, x G M. 

It follows from the triangle inequality that t — d(x, j(t)) is monotone 
non- decreasing in t, so that the limit above exists. b 1 is a 1-Lipschitz 
function. 

Definition 4.2 (Asymptotic Relation). We say that a ray o in M is 
asymptotic to 7 if there exist a sequence £, — ► +00, i = 1,2,..., and 
minimal geodesies <jj : [0,/j] — > M with cr^ (Z^) = 7(t«) such that crj 
converges to a as i — > cxd, (i.e., <jj(t) — > a(t) for each t). 

For any point in M, there is a ray asymptotic to 7 from the point. 
Any subray of a ray asymptotic to 7 is asymptotic to 7. By the same 
proof as for Riemannian manifolds (cf. Theorem 3.8.2(3) of [33j ) , for 
any ray a asymptotic to 7 we have 

(4.1) 6 7 o a(s) = s + 6 7 o er(0) for any s > 0. 
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Lemma 4.3. Let f : M — > K. be a 1-Lipschitz function and u, v G S p M 
two directions at a point p G M. // the directional derivative of f to u 
is equal to 1 and that to v equal to — 1, then the angle between u and v 
is equal to ir. 

Proof There are points x t , y t G M, t > 0, such that d(p, x t ) = d(p, y t ) = 
t for all t > and that the direction at p of px t (resp. py t ) converges 
to u (resp. v) as t — > 0. The assumption for / tells us that 

h M = 1 and , im /fa.)-/M = _ 1 , 

t^o t t->0 t 



which imply 



lim^^>lim /(Xt) ' /( ^=2. 

t^o t t^o t 



This completes the proof. □ 

Lemma 4.4. Assume that a ray o : [0, +oo ) —>■ M is asymptotic to a 
ray 7 : [0, +00 ) — > M , and let s be a given positive number. 

(1) If cr(s) is a non-singular point, then 6 7 is differentiable at cr(s) 
and V6 7 (cx(s)) is tangent to a. 

(2) Among all rays emanating from o-(s), only the subray cr|r S)+0O ) 
of a is asymptotic to 7. 

Proof. (1) follows from the same discussion as for Riemannian mani- 
folds (see Theorem 3.8.2 of [33]), in which we need the total differen- 
tiability of the distance function from a compact subset of M. This is 
obtained in the same way as in Theorem 3.5 and Lemma 4.1 of [24J. 

(2): Take any ray r from a(s) asymptotic to 7. By (14.11) . the deriva- 
tive of 6 7 o t is equal to 1. Therefore, using Lemma T4.3I yields that the 
angle between cr|[o, s ] an d t is equal to ir, so that cr'(s) = r '(0). This 
completes the proof. □ 

Note that if a(s) is a non-singular point, then Lemma l4~4T l) implies 
(2). 

Lemma 4.5. Let 7 be a straight line in M. Denote by b + the Busemann 
function for 7+ := 7l[o,+oo) and by 6_ that for 7_ := 7|(_ OO)0 ]. // 
b + + &_ = holds, then M is covered by disjoint straight lines bi- 
asymptotic to 7. In particular, &+ 1 (t) for all t el are homeomorphic 
to each other and M is homeomorphic to b^it) x R. 

Proof. Take any point p G M and a ray o : [ 0, +00 ) — > M from p 
asymptotic to 7+. For any s > 0, the directional derivatives of b + to the 
two opposite directions at a(s) tangent to o are —1 and 1 respectively. 
Since 6_ = —b + and by Lemma 14.31 a ray from a(s) asymptotic to 
7_ is unique and contains cr([0, s}). By the arbitrariness of s > 0, a 
extends to a straight line bi- asymptotic to 7. Namely, for a given point 
p G M, we have a straight line a p passing through p and bi-asymptotic 
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to 7. By Lemma [4.4( 2). any ray from a point in a p asymptotic to r y± 
is a subray of a p . In particular, a p is unique (upto parameters) for a 
given p, and for any two points p,q G M the images of a p and a q either 
coincide or do not intersect to each other. M is covered by {(T p } P £M 
and this completes the proof. □ 

Lemma 4.6. Let V : M — > R be a continuous function. Assume that 
for any compact subset Q C M there exists a number Nq > 1 such that 
the measure dfx(x) := e~ v ^ dH n (x) satisfies BG(0,Afo) on Vt. Then, 
the Busemann function 6 7 for any ray 7 in M is \i-subharmonic (see 
Definition \2. 7| for the definition of fi-subharmonicity) . 

Proof. We take a sequence t{ — > +00, i = 1,2, ... . Since r 7 ( tj ), 6 7 are 
Lipschitz continuous, they are differentiable 7i n -a.e. by the Rademacher 
theorem. Let x G M be any non-singular point where r 7 ( 4i ) and 6 7 are 
all differentiable. We have a unique minimal geodesic a x ^ from x to 
7(tj) and — Vr 7 ( ti )(x) is tangent to it. A ray from x asymptotic to 
7 is unique and V6 7 (x) is tangent to it. Since a x ^ — >• cr x as « — > 00, 
we have — Vr 7 ( ti )(a;) — > V& 7 (x). Therefore, the dominated convergence 
theorem and Laplacian Comparison Theorem (Proposition 13. ip show 
that for any nonnegative Lipschitz continuous function / : M — > K 
with compact support, say fi, we have 

/ (V6 7 ,V/)d/i=-lim / (Vr 7(ti) ,V/)^ 

< (N n - 1) lim f -J— dfi = 0. 



This completes the proof. □ 

Proof of Theorem M.A By Lemma [4.61 b := b + + 6_ is /i-subharmonic. 
It follows from the triangle inequality that b < 0. We have 607 = 
by the definition of b. The maximum principle (Theorem I2.8P proves 
6 = 0. Lemma 14.51 implies the theorem. □ 



Proof of Corollary \1.3\ and\1.4\ Let M, N, and V be as in Corollary 



11.41 In Corollary 11.31 we assume that N = n and V — 1, in which case 
we have Ricjv )At = Ric and A M = A + VV" = A. For the corollaries, it 
suffices to prove that if M contains a straight line, then M is isometric 
toXxl and V is constant on {x} x R for each x G X. This is because 
if X x R is a singular Riemannian space, then so is X. 

We first assume that N < +00. Since any geodesic joining two points 
in M \ Sm is contained in M \ Sm (see Lemma 12.21) . the condition 
Ricjv,^ > on M \ Sm implies BG(0, N) for // on M \ Sm (see [1] and 
also [351 ESI ESI). By 7i n (SW) = 0, /i satisfies BG(0, iV) on M (an 
easy discussion proves that for any convergent sequence pi — >■ in 
M, BG(0, AT) for p = Pi implies BG(0, N) for p = p^.) We then apply 
Theorem 11.11 to M and /x for A^q = AT. In the proof of the theorem, 
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we obtain that b + and 6_ are both /i-subharmonic and b + + =0. 
Therefore, b± is /i-harmonic, i.e., a weak solution of A fl b± = on 
M\Sm- By the regularity theorem of elliptic differential equations, b + 
is of C 2 on M \ Sm and satisfies A fl b + = pointwise on M \ Sm- 
use the generalized Weitzenbock formula for Ricjv,^: 



We 



(A,/) 2 



iV 



v/) 



+ Ric^(V/,V/) + 



Af 

Hess / H /„ 

n 



+ 
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N(N - n) 



N — n \ 2 

-Af + ( VV, V/) 



n 



for any C 2 function f : M\ Sm - 
notes the identity operator and || • 
||V6+|| = 1 and Ric iV , M (V6 + , V6 H 
formula yields that Hess 6+ = 
Since 



R (see (14.46) of [SZj), where 7 n de- 
the Hilbert-Schmidt norm. Since 
) > 0, putting / := b + in the above 
•^±4 and ^A6 + = (W,V&+>. 



= A u b 



N 



Ab + + (W, V6+) = — A6 4 



we have Hess b + = and (VV, V6+) = 
function along any geodesic in M \ Sm 



on M\Sm- Thus, b + is a linear 
. Since any geodesic segments in 



M can be approximated by geodesic segments in M \ Sm, b + is linear 
along any geodesic in M. Since M is covered by straight lines bi- 
asymptotic to 7, b + is averaged D 2 in the sense of [20]. The isometric 
splitting follows from Theorem A of [20J. Since (VV, V6+) = on 
M \ Sm, V is constant along each straight line bi-asymptotic to 7. 
This proves the corollaries in the case of iV < +00. 

We next consider the case where N 
discussion as in [T7] . (1) of [9], and (2.21) of 



+00. By RiCoo iM > 0, the same 
leads to 



A M r p (x) > 



> 



n 



2V{x) 



r p (x) 



V( 7 (s)) ds 



n 



1 + 2 sup M V - 2V{x) 



for any p G M and x G M \ (Sm U Cut p ), where 7 is a unique unit 
speed geodesic joining p to x. Therefore, for a given compact subset 
Q C M, setting Nq := n + 2 sup M V — 2 inf^ V, we have 



(4.2) 



A^r p > 



onfi\ (Sm U Cutp), which together with a standard discussion (cf. the 
proof of Theorem 3.2 of [22J) yields BG(0, No) on Q for /i. By applying 
Theorem ll.il M splits asIxM homeomorphically. We have A^b + = 
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on M \ Sm- Apply the generalized Weitzenbock formula for RiCoo iAt : 

-A M (J!^!C) + (VA M /, V/) = RiCoo^CV/, V/) + || Hess/H^. 

By setting / := 6 + , the left-hand side vanishes, so that by RiCoo )At > 
we have RiCoo iAt (V6 + , V6+) = and Hess 6+ = on M \ Sm- In the 
same way as in the case of iV < +oo, we obtain that M is isometric to 
Ixl. Since Ric(V6+, V6+) = 0, we have 



i2 



= m CoD ^Vb + , V6+) = HessK(V6+, V6+) = 

in the coordinate (x,t) G X x R = M, so that V is linear along each 
line {x} x K, i 6 I. Since V is bounded, it is constant along each line 
{x} xR,x eX. □ 

Note that, in the case where iV = +oo, we can in fact prove the 
Laplacian comparison ( 13.1 ft directly from the pointwise comparison 
( 14. 2 p by a little discussion without the infinitesimal Bishop-Gromov 
condition. 
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